There is strong astrophysical evidence that dark matter (DM) makes up some 27% of all mass in the universe. Yet, beyond gravitational interactions, little is known about its properties or how it may connect to the Standard Model. Multiple frameworks have been proposed, and precision measurements at low energy have proven useful to help restrict the parameter space for many of these models. One set of models predicts that DM is a scalar field that "clumps" into regions of high local density, rather than being uniformly distributed throughout the galaxy. If this DM field couples to the Standard Model, its interaction with matter can be thought of as changing the effective values of fundamental constants. One generic consequence of time variation of fundamental constants (or their spatial variation as the Earth passes through regions of varying density) is the presence of an anomalous, composition-dependent acceleration. Here we show how this anomalous acceleration can be measured using superconducting accelerometers, and demonstrate that > 20 years of archival data from the International Geodynamics and Earth Tide Services (IGETS) network can be utilized to set new bounds on these models. Furthermore, we show how LIGO and other gravitational wave detectors can be used as exquisitely sensitive probes for narrow ranges of the parameter space. While limited to DM models that feature spatial gradients, these two techniques complement the networks of precision measurement devices already in use for direct detection and identification of dark matter.
INTRODUCTION
There is an abundance of cosmological evidence for the existence of dark matter (DM), yet we have been unable to probe its nature in the laboratory. As the search for WIMPs approaches the background limits set by neutrino interactions [1] , it has become increasingly important to consider a broader range of models and experimental platforms. One set of models attributes DM to the existence of an ultralight field with mass ranging from 10 −22 to 10 4 eV. An example of such a field is the axion [2] which has been the focus of tremendous experimental effort [3] . In this work, we consider the case where the ultralight scalar field forms spatially inhomogeneous structures [4] [5] [6] , and couples quadratically to the Standard Model. This results in apparent changes of fundamental constants as the Earth travels through areas of varying field density. These changes would in turn cause anomalous accelerations we can measure in the lab, using superconducting gravimeters (SCG) in the IGETS network, and with gravitational wave detectors such as LIGO and LISA. This search technique complements existing efforts to detect structured ultralight DM using atomic clocks [7] [8] [9] [10] and atomic magnetometers [11] [12] [13] [14] [15] . We point out (as derived in Eq. (12) ) that a large enhancement can be achieved with acceleration measurements for a range of domain wall sizes d: in terms of the fractional change in a fundamental constant, , the acceleration scales as v 2 r /d, where v r is the velocity of the domain wall relative to the detector. While 2D (sheet-like), 1D (line-like), and 0D (point-like) spatial distributions of ultralight scalar fields * rm3334@columbia.edu are possible in stable formations, we focus on the domain wall (2D) distribution [16] .
QUADRATIC SCALAR COUPLINGS AND FUNDAMENTAL CONSTANTS
We focus on fields with quadratic scalar couplings to the Standard Model because limits on linear scalar coupling are already stringent, and derivative couplings are better suited for spin-dependent searches [15] . Neglecting interactions at lower orders, we can denote the interaction Lagrangian between an ultralight DM field at a specific position and time, φ(r, t), and any Standard Model (SM) field as
(1) where m f and ψ f are the mass and field for each fermion (with an implied sum over the fermions), F µν is the electromagnetic tensor, and Γ X is the coupling constant between the Xth component of SM field and the DM field. Comparing this to the SM Lagrangian
we observe that to lowest order this DM-SM interaction acts by changing the effective value of the coupling constant for each field. Stated another way, the presence of the DM field has the effect of shifting the apparent values of fundamental constants in the following way: where m f can refer to the mass of the electron, proton, or neutron (the three terms our measurement will be sensitive to), and α is the fine-structure constant which captures the strength of the electromagnetic interaction. For clumpy DM models, φ(r, t) can generate spatially varying effective values for the fundamental constants. If we assume that this field constitutes all of DM, and that each defect has the same peak field amplitude (φ max ), then we can relate the size of the defect to φ max using the known density of DM over galactic scales. We begin by expressing the energy density inside the DM field defect with a characteristic size d (related to the mass scale of the DM field by its Compton wavelength, d ∼ /(m φ c)), as
Since the average energy density over many defects must be equal to the overall energy density measured over the Milky Way of ρ DM ≈ 0.4 GeV/cm 3 , we can connect the overall DM density to the density inside a defect of dimension n (where n = 0 is a point defect, n = 1 is a line defect, and n = 2 is a domain wall defect) using simple scaling arguments [9] ,
where L is is the typical separation between defects, which we can relate to the expected time between defect encounters τ based on the velocity of the Earth relative to the galactic frame, v r ≈ 300 km/s. So for a given defect size and geometry we know the amplitude of the field inside the defect. This can be related to the fractional change in fundamental constants inside a defect, where we focus on domain walls (n = 2):
∆α
This allows us to relate any measured change in fundamental constants to the coupling between φ(r, t) and the standard model (Γ f ), and the distribution of the DM defects in the galaxy (defined by τ and d). Every other parameter is known. Furthermore, the length scale of the defect d and the mass of the field are related by the Compton wavelength. For comparison to other work, we will express limits in the effective energy scale, which is related to the the coupling constant:
ANOMALOUS ACCELERATION FROM CHANGES IN REST MASS
The changes in the effective mass of fundamental particles will also change the mass of macroscopic objects.
This has a pronounced effect on the motion of an object. In the absence of external forces, momentum is conserved. Applying conservation of momentum to a nonrelativistic system with a varying mass, we obtain
Therefore, an acceleration is present in the absence of any force:
This expression has significant consequences [17, 18] . Firstly, it implies an apparent violation of the universality of free fall: since dm/dt is not the same for different fermions, the anomalous acceleration is composition dependent. Furthermore, it implies that space has a preferred reference frame where this anomalous acceleration vanishes. For domain wall DM this reference frame is co-moving with the local DM field, so no changes in constants are felt. The test mass composition determines how a fractional change in fundamental masses affects the total mass, and a fractional change in the fine structure constant affects the electronic binding energy of each atom in the test mass. This analysis will be presented in Table 1 . For simplicity, here we focus on the overall fractional change in a test mass. For a defect of size d that provides a fractional change of the test particle mass, the maximum acceleration is
This results in a potentially large increase in the sensitivity when v 2 r /d >> 1. Therefore, this technique can compete with high-precision measurements such as atomic clocks, since the observable we measure is enhanced relative to . To emphasize this point, domain wall dark matter search using GPS satellites [10] is most sensitive to a fractional change in fundamental constants on the order of 10 −12 for a defect size of 10 4 km. These parameters would result in an acceleration of 10 −8 m/s 2 that lasts ∼ 30 s. This is a relatively large acceleration, for quite a long duration. For comparison, the SCGs that make up the IGETS network are capable of acceleration measurements of 10 −11 m/s 2 over minute timescales [19, 20] , making them very competitive for searching for these effects using existing technology and data sets. We now perform a more careful analysis for this measurement.
ACCELEROMETER BASED FRACTIONAL MASS LIMITS
A natural platform to search for this anomalous acceleration is an accelerometer network. For the sensitivity estimates, we assume the density of a domain wall follows a Gaussian distribution, with length scale d and a maximum fractional change in the rest mass of . This choice of distribution can be modified but, as long as the density is relatively smooth, the results will not be strongly affected. For a test particle traveling perpendicularly through such a domain wall at speed v r , we can define the effective mass as a function of time,
where m 0 is the unperturbed mass. Then we calculate the effective acceleration of this test particle as a function of time using Eq. (11), keeping only the leading order in ,
The fractional change in test mass (Eq. (13)) and the effective acceleration waveform (Eq. (14)), as well as a cartoon of a passing domain wall, are shown in Fig. 1.   FIG. 1. a) A domain wall approaching the Earth, with a highlighted accelerometer located in Boulder, Colorado, USA. b) Fractional change in test mass caused by the domain wall's passage (∆m eff /m0 = m eff /m0 − 1). c) Anomalous acceleration caused by the gradient in the domain wall density, resulting in a changing mass of the test particle. The transient signal has a characteristic time and acceleration of t0 = d/vr and a0 = v 2 r /d, respectively, with a peak acceleration of a peak = a0 2 e because of the specific density distribution chosen.
To detect the anomalous accelerations, we propose using superconducting gravimeters (SCGs), thanks to their low-frequency stability and extremely high precision. They have recently been used for several tests of local Lorentz violation [21, 22] , and in searches for other forms of dark matter [23, 24] . These sensors work by monitoring the location of a superconducting niobium sphere relative to a set of aluminum pickup coils [19] . Because the niobium sphere is free to move while the pickup coils are fixed to a solid structure, a passing domain wall would accelerate the sphere but not the rest of the device, and the sensor would pick up this acceleration.
For the quantitative estimates of sensitivity, we take the noise spectra for a SCG in the IGETS network during a quiet 10-day period after known tidal forces and local disturbances were removed [25] . This sensor is typical of the ∼ 20 SCGs that comprise the IGETS network, which has been collecting data continuously for the past two decades. In order to be observed, the domain wall must produce a signal with high enough power in the frequency range where the accelerometer is sensitive. However, the frequency components of this waveform are quite broadband. This means that for large domain walls the signal will have more power at low frequencies, and for a specific domain size it will be well matched to the ∼ 0.01 Hz peak sensitivity of the SCGs. To calculate the sensitivity based on the frequency performance of these sensors, we use the waveform in Eq. (14) and take its Fourier transform. We then find the signal-to-noise ratio (SNR) at each frequency by dividing this signal amplitude by the noise amplitude, and calculate the total SNR by integrating over all frequencies. Finally, we multiply by √ t 0 to account for the characteristic time over which the signal can be averaged, because the signal we are looking for is transient. We then solve for the value of that would result in a signal with an SNR of 10 for a fixed defect size.
Note that for a specifically designed acceleration based experiment, we could expect a sensitivity improvement of several orders of magnitude. This is because the SCGs do not use the free-fall-universality violating nature of the signal to cancel disturbances. In particular, a torsion balance experiment with a test mass consisting of two different materials would be a natural setup for these searches, similar to previous axion searches [26] . However, such a system would have to run continuously for several years before it is sensitive enough to limit rare domain wall events.
LIGO BASED FRACTIONAL MASS LIMITS
Another strategy for the detection of the anomalous accelerations is to use LIGO, or other gravitational wave detectors, as was recently proposed [27] . For example, suppose a domain wall approaches the LIGO detector, perpendicular to one arm of the interferometer and parallel to the other, as shown in Fig. 2 . For the arm perpendicular to the domain wall's propagation direction, each mirror will accelerate by the same amount but the length of the arm will not change. For the arm parallel to the domain wall propagation, the mirrors will see slightly different field magnitudes (because of the 4 km separation) and therefore experience different accelerations. At t = 0 when the domain wall is centered between the two mirrors, the differential acceleration is In the case shown, the test masses along the arm perpendicular to the domain wall's approach direction (⊥) will feel no acceleration along the direction of the arm, while the two test masses in the parallel arm ( ) will feel slightly different accelerations because of the difference in the gradient of the domain wall at each location. This results in a differential acceleration of the TMs in the parallel arm which changes the path length, while the perpendicular path length is unaffected. This change in relative path length would be observed as a transient strain in the detector as the domain wall passes. The resulting (normalized) strain wave forms show qualitatively different behavior when the domain wall is larger (b) or smaller (c) then the path length of LIGO (L = 4 km). For long domain walls the signal approaches a Gaussian with a peak strain size of SLong = . For short domain walls the plateau has a fixed duration tp = L vr , and the peak strain scales like S Short = d L . For both signals, the characteristic time is t Short = tLong = d/vr. For wave forms shown, d L for the long domain wall and d ≈ L/10 for the short domain wall.
This differential acceleration can be integrated twice to find the change in separation between the mirrors. Divided by the length of the interferometer L it is the strain S(t),
where erf(x) is the error function. This differential strain between the two LIGO arms is exactly what it was designed to measure extremely precisely. The strain signal in the detector has qualitatively different behaviors depending on whether the defect is larger or smaller than the 4 km length of the LIGO arms as shown in Fig. 2 . We use this strain in Eq. (16) to perform a sensitivity analysis in analogy to what was done for accelerometers, using a power law approximation of LIGO's strain noise curve [28] , and mandating a SNR of 10. Furthermore, this analysis was repeated for the planned LISA mission based on its projected sensitivity.
ATOMIC REST MASS AND FUNDAMENTAL CONSTANTS
Before we derive the constraints based on the described technique, we must estimate how a fractional change in each fundamental constant affects the total test mass. This effect is composition-dependent. For LIGO the test masses are the silica mirrors [29] , for LISA they are Au-Pt composites [27] , and for the accelerometers they are niobium (the test mass that is being levitated) [19] . The semi-empirical Bethe-Weizacker formula [17] accounts for the nucleon mass, the electron mass, and the mass associated with the binding energy,
where A is the total nucleon number and Z is the number of protons. This allows us to calculate the sensitivity coefficient for the Xth coupling to the DM field, A X , to relate a change in a fundamental constant to the changes in test mass,
The results of this calculation for each system are shown in Table 1 . 
PROJECTED LIMITS ON NEW PHYSICS
The described analysis allows us to estimate what domain wall size and effective coupling energy scale each experimental platform is sensitive to for the neutron, proton and electron masses and the fine structure constant. The results are shown in Fig (3) . For these projected constraints we assume that the DM-SM coupling contribution comes entirely from one term, and that the time between domain wall crossings is τ = 7 years. This timing is well matched with the 20 years of IGETS data, and the same was chosen for the previous GPS based studies [10] . Recent work with networks of atomic clocks has also set stringent limits for these coupling models [7, 8] . However, the limited duration of the data collection period with this network of 40 days (compared to 20+ years of IGETS data) limit their sensitivity to only relatively frequently occurring domain walls. As more data is collected using this clock network, this situation will improve and will likely be the most accurate way to search for coupling to α. CONCLUSIONS We have shown that in addition to atomic clocks and atomic magnetometers, accelerometers and gravitational wave detectors are natural platforms to search for domain-wall ultralight scalar dark matter. Furthermore, a detection event that is seen in multiple systems simultaneously would provide a strong evidence of interactions beyond the Standard Model. For the SCG accelerometers, 20+ years of data taken with over 20 sensors has already been recorded and archived. This will allow us to mine for these signals and investigate an unexplored parameter space for the DM-SM coupling models. For LIGO, 1 year of data has been collected, and is also freely available for these searches. This represents a unique opportunity to explore the origins of DM with existing data sets.
FIG. 3. Limits on the DM-SM coupling strengths set using GPS clocks [10] (blue) and astrophysical constraints [30] (black), and the projected limits set by the IGETS network (green), LIGO (red) and LISA (orange). Here, the time τ between domain walls is 7 years to allow a comparison to GPS limits. We have access to sufficient data taken with the SC gravimeters to look for such rare events, but for LIGO, only τ 1 year is currently achievable. We see smaller sensitivities to the α and me couplings as they contribute less to the total system mass, making them well suited for clock based searches. Note that the constraints far from the peak of each system's sensitivity may be unreliable due to additional noise sources not present in the approximated noise power spectral density, or for small defect sizes due to finite sampling rates.
